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The frequency moment appearing in a relation between susceptibility and fluctuation is ex-

pressed in terms of measurable quantities.

A discussion is given of a determination of the

critical exponent for the staggered magnetic susceptibility of RbMnFj.

I. INTRODUCTION

In a discussion! of the relation between the criti-
cal exponents of susceptibility and of fluctuation

near a critical temperature T,afrequency moment
of a spectral density was introduced. If this mo-
ment @ goes to zero at T,, these two critical ex-
ponents are equal. In the present work ® is re-
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lated to the high-frequency behavior of a general-
ized frequency-dependent susceptibility. This in
turn is measurable via inelastic neutron scattering
from magnetic materials.? These results make
precise the relation of @ to moments calculated
for magnetic models and to the phenomenon of
slowing down of fluctuations observed near 7.

The results are applied to RbMnF;: The staggered
magnetic susceptibility and fluctuations of the
staggered magnetization are equal to within +%

at temperatures above Ty.

II. DETERMINATION OF THE FREQUENCY MOMENT
Following the notation of I, the susceptibility

¥ and fluctuation S‘® for the spatial Fourier trans-
form A, of a magnetization operator are

xr=Jo AN(BA,M)AAL Y, (1)

sO= 3 ({a4,, aalh, . (2)
These are related by the following inequalities:

(tanhy,)/y, < x7/(BS®)<1 , ®)

in which vy, is the root of
yetanhy,=3 Bwy , @)
and w, is defined by
@, ={[Ar, [Ho, AZ] -]-)o/(zsm))- (5)
The numerator in @, appears also in the study

of a frequency-dependent susceptibility. In the
theory of linear response” this is defined to be

XAkAZ.(w) " lim ( -—i) ﬂ)” dte-iwt-ét([Ak’ eiHOtA;’e-iﬁot]_>o.
e~0*
Define a symmetrized susceptibility: (6)

XU, @)=3[x, i (0)+ X4l ()] (7)

At high frequencies the real part of this suscepti-
bility is proportional to the numerator of Eq. (5):

Re x(k, ) = ~([A,, [Ho,AL]])o/w?+0(1/w?) . (8)

The real and imaginary parts of the susceptibility
are related by a Kramers-Kronig relation (P de-
notes the principal-value integral):

Re x(k, =L / dw’ o' Im[x (e, w")]/(@? - w'). (9)

The imaginary part of the susceptibility deter-
mines the partial differential cross section for
momentum transfer k and energy transfer w inthe
inelastic scattering of neutrons®:

d’s -Bwy-1
2940 = 1 -e®)Imx(k,w) . (10)

Because the absolute scale of Im x¥ may not be

Do

known in such measurements, a dimensionless
quantity @ is defined:

0=0 [ZdwwIm[x(k, 0)JAP[ doIm [x(e, w)]/w} .
(11)

The relation of this to the energy in Eq. (4) is*
Bw,= Qxz/ 288 (12)

W, is also related to the second moment of a
spectral shape function defined by other workers?
as F®;

F@=([A,, [Hy AL1D0/Xz =5/ (13)

This moment has been evaluated for theoretical
models in various temperature ranges; one such
result is used in Sec, III.

In the phenomenon of critical slowing down, 2
for momentum transfers close to reciprocal mag-
netic lattice points &, the energy width of the par-
tial differential cross section narrows drastically
as the critical temperature is approached. This
is a property of Im x(k, w) and reduces the frequen-
cy moment & through Eq. (11) and Eq. (12). While
a Lorentzian energy shape fitted to the experiments®
does not yield a convergent numerator in Eq. (11),
a plausible cutoff of the Lorentzian permits an
order-of-magnitude determination of £ from in-
elastic neutron scattering experiments. Such a
calculation is described in Sec. III.

III. APPLICATION TO RbMnF,

Inelastic neutron scattering measurements on
RbMnF, near 7y have been analyzed® to yield the
critical exponent of the staggered magnetic sus-
ceptibility. The quantity directly determined in
the experiment is the critical exponent of the
fluctuation of the staggered magnetization. RbMnF,
is a cubic Heisenberg antiferromagnet with essen-
tially nearest-neighbor interactions”; therefore
an argument already given® in I establishes the
equality of these two critical exponents. The cal-
culations here show that the difference between the
susceptibility and fluctuation is small even at tem-
peratures far from 7.

For room temperature (7= 3.5 Ty)the measured
nearest-neighbor coupling can be used in a high-
temperature expansion for the second moment. ®
Eq. (13), to calculate & for k equal to the first
antiferromagnetic reciprocal-lattice point ;. The
result is £=2.7x 1072, Application of a set of in-
equalities obtained from Egs. (8), (4), and (12)
yields

1+ 5@ <x/(BSD) <1, (14)

which then establishes the equality of x, and BS®
to within 0.3%.
For temperatures near 7y the measured shape®
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of the inelastic scattering for momentum transfer
equal tok, canbe used. Ananalysis of suchmeasure-
ments in terms of a Lorentzian shape with energy
half-width T' has been reported® for T>Ty. Asre-
marked in Sec, II, this approximation to the line
shape does not yield a convergent integral for &
in Eq. (11). If the measurement at 7-T=8K is
used with a Lorentzian cutoff at energy transfer
5T, the result is ©=7.2x 10, If the cutoff is at
10T, the result is €=1.6x10"2%, Even with the
larger cutoff, the maximum possible difference
here between X, and BS‘? is only 0.14%. The ex-

perimental width T’ decreases on further approach
to Ty, and the possible deviation between X, and
BS® also decreases.

A more precise application of such measure-
ments to this topic and to the determination of the
second moment F® will depend onimproved mea-
surements of the spectral shape function at large
energy transfers.
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A general lattice-statistical model which includes all soluble two-dimensional model of
phase transitions is proposed. Besides the well-known Ising and “ice” models, other soluble
cases are also considered. After discussing some general symmetry properties of this mod-
el, we consider in detail a particular class of the soluble cases, the “free-fermion” model.
The explicit expressions for all thermodynamic functions with the inclusion of an external
electric field are obtained. It is shown that both the specific heat and the polarizability of
the free-fermion model exhibit in general a logarithmic singularity. An inverse-square-root
singularity results, however, if the free-fermion model also satisfies the ice condition. The

results are illustrated with a specific example.

I. INTRODUCTION
Considerations of the phenomena of phase tran-
sitions have been, to a large extent, centered
around the study of lattice systems. Besides the
intrinsic interest surrounding the lattice systems

as models of real physical situations, one is fur-
ther attracted to their consideration by the possi-
bility of obtaining exact nontrivial solutions. But
the soluble problems are very few in number. The
Ising model®? of magnetism, first proposed some



